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Abstract

Let {z.} be a sequence of rational numbers greater than one such
that z,+1 > xﬁ for all sufficiently large n and let &, € {-1,1}. Un-
der certain growth conditions on the denominators of 41/ zi we prove
that the irrationality exponent of the number » 7 e,/zn is equal to
limsup,, , .. (log Zny1/logzy).
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1 Introduction

Let {z,}n>1 be a sequence of rational numbers greater than one such that
Tpi1 > 22 for all sufficiently large n and let €,, € {—1,1}. We consider the sum

S = i i—z (1.1)
n=1

An easy induction shows that there exist constants C' > 0 and p € (0,1) such

that
Snl<op? (n>1).

LTn

Accordingly to [6], we call S a fast converging series. In this paper, we give in
certain cases the exact value of the irrationality exponent of S, where the irra-
tionality exponent pu(a) of an irrational number « is defined by the supremum
of the set of numbers p for which the inequality

has infinitely many rational solutions p/q. Every irrational o has p(a) > 2 and,
if p(a) > 2, then « is transcendental by Roth’s theorem.

For a non-zero rational number x, den(x) is defined by the smallest positive
integer d for which dz is an integer. Our main result is stated as follows:



Theorem 1. Let {z,}n,>1 be a sequence of rational numbers greater than one
such that
Tpy1 > 22 for all sufficiently large n (1.2)

and let e, € {—1,1}. Define

51 = den T, 5n+1 = 5,2Lden <$;;_1> (n Z 1) (13)
Assume that
log §,,+1 = o(log x,,) (1.4)

as n — 0o. Then the irrationality exponent of the number S defined in (1.1) is

log zn,
n—o00 log T

Corollary 1. Let {A,}n>1 be a strictly increasing sequence of positive integers
and {By}n>1 be a sequence of non-zero integers such that A, /|By,| > 1 for all

n. Set Ao/ B

z1 = Ay /| B, Znt1 = W (n>1)
and define

61 = den zq, Opt1 = §iden Zna1 (n>1).

Assume that the following conditions are satisfied:
(i) zp+1 > 1 for all sufficiently large n,
(i) log|B,| = o(log A,) as n — oo,
(iii) logd,+1 = o(log A,,) as n — oo.

Then

o0
B, . log Ay q1
— | =limsup ————.
. (7; An) n—>oop log An

Amou and Bugeaud [1] proved a similar result with z,,11 > 2 for all suffi-
ciently large n.

Remark 1. The assumption (1.4) implies that if 2,41 = 22 for all sufficiently
large n, then x,, € Z5; for every n > 1. Indeed, putting N = max{n > 1| z, #
22} with 2o = 1, we have @, = % and so 6, = 62/ " (n > N). Hence
we get 2" 1N log §y = logd,+1 = 0(2") by (1.4), which implies that §y = 1.
Thus we have §,, = 1 (n > 1). Similarly, if z, = 1 for all sufficiently large n,
then B,, divides A,, for every n > 1.



For the proof of Theorem 1, we express the sum S as a continued fraction in
the case x1 > 2 and 2,41 > 22 for all n > 2 (see Section 2, Proposition 1). This
expansion is essentially given in [1], and also in [11] when x,, are integers (see
Section 4.3). Our proof is similar to that of Amou-Bugeaud [1], however, we
must treat the continued fraction more carefully, because its partial quotients
under the assumption (1.2) are non-negative rationals possibly less than one.
So we study some of the properties of the continued fraction (see Section 2,
Lemmas 2, 3, 4, and 5), which will be used in the proof of Theorem 1 given in
Section 3. In the final Section 4, we give some applications of Theorem 1.

2 Continued fraction expansion of the series

We employ the standard notation for continued fractions:

[ag; a1, ag,...] = lim [ag;ai,...,an],
n— o0
where )
lao; a1, az,...,an] = ag + —————.
a+ T —
i
Define p,, and ¢, by
p-1=1, po=ao, Pn=anpn-1+pn-2,
n>1). 2.1
{ g-1=0, g =1, Gn = nQGn—1 + qn—2, ( o ) ( )
Then [ao; a1,a2,...,a,] = pn/qn, which is called the nth convergent. We use
the formulas:
Pndn—-1 — Pn—-19n = (71)n+1’ (22)
q
L= [an;anflw--aaﬂaal]a (23)
dn—1
and also
[...,a,0,b,...]=[..,a+0,...]. (2.4)

Proposition 1. Let {x,},>1 be a sequence of rational numbers such that
21 =21 > 2, Znpy1 = Tpal,> > 1 (n>1) (2.5)

and let e, € {—1,1} with e; = 1. Then the sums

have the following simple continued fraction expansions:

[0;21 —1,1,22—1,21] if Eg = 1,
021,20 —1,1,21 — 1] if ea=-1 [’ 2#1
0521 — 1,21+ 1] if ey=1, ]
0520+ 1,20 — 1] if eg=-1 > =27~

Sy =



Forn > 2, if
S, = [0; a1,asz,...,a;, -1, al*n] (2.6)

with af # 1 is given, then writting
Sn—i—l — [0, A1,02, oy AL, 15 A, 5y aln+1]

we have for z,11 # 1

g _ [O,al,...,aln_l,afrb,271+1 71,1,a;‘n fl,aln_l,...,al] if eny1 =1,

+1 = :

" [0,a1,---,&zn—1,afn —1,1,2n+1—l,afn,aln_l,...,al] if epp1=-1
(2.7)

and for z,41 =1

g _ [O,al, coar, 1,0 +1a; — 1,aln,1,...,a1] if enp1=1,
n+1l —

[O, ai,...,ap,—1,a;, —la; +1la;,-1,..., al] if epy1=-1.
(2.8)
Furthermore,

q, =Tp (n>2), (2.9)
where pf and g are rational numbers defined by (2.1) from [0; a1, ..., a1, 1,0} ],
and

S = lim [0;a1,a2,...,a;,].
n—oo

Remark 2. If we denote the continued fraction expansion of S,, 1 with 41 =

1in (2.7) or (2.8) as [O;ahagw..,afnﬂ}, then the expansion of 5,11 with
€n+1 = —1 is written by [O; a;knﬂ,aln“,l, . en, Gy, al} .
Example 1. The continued fraction expansions of S3. Let (g2,e3) = (1,1).

[0;21—1,1,22—1,21,2’3—1,1,2’1—1,2’2—1,1,2’1—1] if 227&1, p #1
(0520 — 1,20 + 1,23 — 1,1, 21,21 — 1] if 29=1 (> =75

[O;Zl—1,1,22—1,Zl+1,21—1722—1,1,21—1} if Z27é17 e =1
021 — 1,21 + 2,21,21 — 1] if z=1 (7 &

Let (g2,e3) = (—1,1).

[0;21722—171,21—1,23—171,21—271,22—1,21] if 22§é1, 751
0:20 4+ 1,20 — 1,23 — 1,1,2 — 2,21 + 1] if =1 [ BT

[0;21,20 — 1,1,21,21 —2,1,20 — 1, 29] if 29 #1, P
(0520 4+ 1,21, 21 — 2,21 + 1] if =1 [ B

Remark 3. The length [,, of the continued fraction expansion of S,, given in
Proposition 1 depends on the vanishing of z,1 — 1; namely, [,,4+1 = 2, + 2 if
Zn+1 # 1,= 21, otherwise. The first [,, — 1 partial coefficients a1, aq,...,a;, —1
of S,, and S;,+1 coincide with each other. In the expansion of S, the last term
aj = a for all n > 3 independently of €’s and z’s. On the other hand, the [,th
partial denominator and succeeding few ones of the expansion of 5,11 depends
on £,4+1 and the vanishing of z,41 — 1.



The key of the proof of Proposition 1 is the following:

Lemma 1 (cf. [1, Lemma F'], [12]). Lett,a1,as,...,a; be positive real numbers
and let pr/qx = [0;a1,az,...,ar]. Assume that ap > 1 and t > 1. Then
k
Dk -1
— + ( 2) =[0;a1,a9,...,ak,t —1,1,ar — 1, a5_1,...,a2,a1],
qk tqj,
k
Dk -1
— — ( 2) =[0;a1,a2,...,ak-1,ar — 1, 1,t — 1,ak,...,as,a1].
qk tqj,

Furthermore, we have qag42 = tq,%, where pogt2/qak+2 15 the 2k +2th convergent
representing each of the continued fractions in the right-hand sides.

Amou and Bugeaud assumed in Lemma F’ a slightly stronger condition that
a; > 1 (1 <j<k), however the proof indicated there is valid also in the above
cases a; >0 (1<j<k—1)anda; > 1.

Proof of Proposition 1. The expansions of Sz with ¢/, = z2 can be obtained
by direct calculation. Let n > 2 and S, be given as in (2.6) with a; # 1 and
q, = Tn- Assume that 2,1 # 1. In the case €,,41 = 1, we apply Lemma 1 with
k=1ln, t =2n11, and qx = ¢/ and get

[07 aty... 7aln717azkn72n+1 -1, ]-7 CLZ; - 17aln717 BERE) al]
l
p, (=D 1
q., Zn+14, Tn+1

with ql*n+1 = Zni1q), = Zni102 = x,41. Similarly, we can prove (2.7) with
ent1 = —1, as well as (2.8) by taking ¢ = 2,11 = 1 in Lemma 1 and using
(2.4). O

Now we study some of the properties of the continued fraction S = [0; a1, as, as, . . .].
The next lemma can be easily deduced from Proposition 1 with Example 1.

Lemma 2. Put
A= {1,2’1,21:|:1,Zl :|:2,ZQ —1,23 —1}\{0}

Then {ar | k> 1} C AU{z; — 1| j > 4} \ {0}. Furthermore, if ai is of the
form z; — 1 for some j > 4, then agt1,ar+2 € A.

Lemma 3. The following inequalities hold:
qr > C14; (k‘ >j > 1), (2.10)

Qp = [ak;akJrhakJrg, .. ] > (k > 1), (211)
where ¢y = min{[0;a,b] | a,b € A} € (0,1).
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Proof. We first prove that
a >cige—1 (B >1). (2.12)

If ar, € A, then g > aggr—1 > min{a | a € A}gr—1 > c1qx—1 noting that
a > [0;1,a] for any a € A. Otherwise, ax_1,ax—2 € A by Lemma 2. Hence,
we get qr/qr—1 > [0;ap—1,ak—2] > ¢1 by (2.3). Similarly, we can prove (2.11).
Now, let k > j > 1. If k — j is even, then gx > qe—2 > -+ > ¢; > c1qg;. If
k—j > 3is odd, then k — (j + 1) > 2 and is even. Hence, g, > gj+1 > c1¢; by
(2.12). Thus, (2.10) is proved. O

Lemma 4. For n > 2, we have
qx > C1Ty (ln <k <lyy1)- (2.13)

Proof. By (2.10), it is enough to show that max{q,,q,+1} > 2». Suppose that
Znt1 # 1. Then, we have by (2.7) and (2.1)

@, =ar, if ens1 =1, (2.14)
Q41 ="1((a, = Dar,—1 + @,-2) + @t,-1 = q, f eny1 = —1. (2.15)

In the case z,+1 = 1, we have by (2.8) ¢, = (afn +1)q,—1+q,—2= q, +q,-1
if ent1 = 1 and otherwise g, 41 = (af +1Dai, +q,-1 = (a7, +1)((a], —1)qr, -1+
Q,—2) + Q-1 > a G, -1+ q,—2 = q;,. In any case, we find max{q,, q,+1} =
x,, recalling (2.9). O

Lemma 5. For n > 2, we have
6n+1pk> 5n+1Qk e’ (ln <k < l’ﬂ+1)’ (2'16)

(5n+1pk; 5n+1qk) S 6721+1 (ln <k S ln+1)~ (217)

Proof. Since py and gj, are sums of linear monomials of a; (1 < j < k) by (2.1),

k k k [
we have py [[;_, denay, gx [[;_, dena; € Z, where [[;_, dena; | [ dena; =

On+1 by Proposition 1, and hence (2.16) follows. The inequality (2.17) follows
from (2.2). O

3 Proof of Theorem 1

For the proof of Theorem 1, we need the following lemma (cf., eg., [8], [10]):

Lemma 6. If o is an irrational number, then

pla) = p (Zji;)

for any integers a, b, ¢, and d with ad — bc # 0.




Proof of Theorem 1. By Lemma 6, we may assume 7 > 2. So we may expand
the number S in the continued fraction as in Proposition 1. It follows from (2.1)
and (2.2) that

1
= , 3.1
Ok (Qet1 + q/ar42) 31)

=
dk

where ay, is as in (2.11).
The proof will be divided into two cases. Case 1. 2,41 # 1 for infinitely
many n. Case 2. z,4+1 = 1 for all large n. Put for brevity

log zp,
7 = lim sup 2B Znt1 (3.2)
n—oo logxy
We note that 2 < 7 < co by (1.2).
Case 1. Now, we prove first that u(S) > 7. Let 2,11 # 1 and let
l;;,:ln ifEn+1:1, l;l:ln—‘rllenJrl:—l

By (2.14), (2.15), and (2.9), we have

qu, = Tn, QU +1 = Zn+l — L (33)

and ap 42,01 43 €A by (27) and Lemma 2. So 1/0[[;1_,_2 > [0, ap +2, alil+3] > cy,
where ¢; is as in Lemma 3. Hence we have by (2.3)

Q1+ qu faur w2 > (Znp1 — L+ c1)qu, > crzngiqr, - (3.4)
For every positive integer n, define

6n+1
(6n41P07» Onrarr,)

rn =

By Lemma 5, r,p;; and r,q;; are coprime integers and
logry, = O (logdny1) = o (log ) .

It follows from (3.1) and (3.4) that

T ’ / 1 1
’S _ nPU, _ ’S _ plin < 5 = el (35)
nqu, qu, C12n41qp C1 (anng)
where o0, is defined by
o, =2+ IOg Zn4+1 — 2 IOg Tn _ IOg Tn41
" IOg(f"nq%) log zy, + logry, .

We see that o, > 7 — ¢ for ¢ arbitrarily small and n large. Now the set of the
irreducible rational numbers {r,py /rnq | n > 1} is infinite. Therefore S is
irrational by (3.5) since 7 > 2 and u(S) > 7. In particular, u(S) = oo if 7 = c0.
In what follows, we may assume that 7 < oc.
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Next, we prove that u(S) < 7. Let € > 0 be sufficiently small and let p/q be
any reduced rational number with ¢ sufficiently large. Assume first that there
exists an integer k such that p/q = pi/qx for some k = k(q). Let n be such that
I, <k <1, . We define

6n+1
(On+1Pk; Ont1Gx)
5n+2

(I <k <lpi1),

n+1)

S —

Slil«l»l =
<5n+2pl,’ 5n+2QI’

n+17

By Lemma 5, sppr and spqi are coprime integers and therefore p = sipg and
q = Skqr. Moreover

log s, = O (log 0y41) = 0 (logzy) (I, <k <l,.,),
log Sl T O (log b 42) = o (log Zp41) -
We have by (2.1), (2.10), and (2.11) for I, <k <1}, 4
Qo1+ G/ k2 < (art1 +2¢1 Dar < 267 (arsr + 1)ar,
and so by (3.1)

D Pk C1 C1
S—Z|=15-=| > = ) 3.6
‘ q' ’ ar |~ 2(agsr +1)g; 27 (3.6)
where
21 I 1 1 1) — 21
= 2logas Hloglagn +1) | log(any +1) — 2log sy, (3.7)
log qx, + log sk log qx, + log s
If k =1}, ,,, then by (3.3) we can write for arbitrarily small ¢ and large n
> @ 2log pa1 + log zpia < <1+ i) <2+ logzn+2>
G log z,,+1 + log UL, 27 log @, 41
and therefore
€\ logwpia _ logx, o
, — < < 2e. 3.8
Mg = ( 27-) logzp+1 — log i1 e (5

Assume that I;, < k <1, ;. By (3.2), there exists a positive integer ng = ng(¢)
such that

logzpt1 < (1 —2+¢)logz, (n > ngp). (3.9)
Since agt+1 + 1 < max{z; + 3,22,23,...,2n+1} by Lemma 2, we get for n suffi-
ciently large

log(ak+1 + 1) < max {log(zl +3) max log zj, (T —2+4¢) max log xj}
SJ=no

T2<5< no<j<n

<(r—2+¢)logx,
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using (3.9). Therefore by (3.7) and Lemma 4

(tr—2+4¢)logz, — 2log si

<2 < 2e. 3.10
T2 log x,, + log c1 + log sy, ST ( )
Hence by (3.6), (3.8), and (3.10), we have
p 1
‘S = q‘ > = (3.11)

for all p/q € {px/qr | k > 1} with ¢ sufficiently large.

Next, assume that p/q ¢ {p;/g; | 7 > 1}. There exist k such that g, ¢ <
2q < q,i:i Let n such that I, < k < [,,41. By Lemma 4, we have 6,11 < ¢,
and so

1 1 2
Oni106 < 50, TGS < 5= A1 < QR4
2 2c§ 3

noting that qx/qr+1 < 1/c1 by (2.12). Thus using (3.1) we have

1 1
On+1qkq  Qkk+1

-
q

> ’pm ‘Sm
q  Ont1qk s
1 1 1

> > >
30nt1qkq ~ 3qTTq T ¢FTAE

for all p/q ¢ {p;/q; | 7 > 1} with ¢ sufficiently large, which together with (3.11)
implies p(S) < 7, and therefore, u(S) = 7.

Case 2. Let z,4+1 = 1 for all large n. Then we have 7 = 2 and x,, € Z~; for
every n > 1 by Remark 1. So it is enough to prove that

[eS) e

p (Z 2> =2
n=1 xl

which was shown already by Derevyanko [5] (see also Sondow [13, Corollary 3]),

and the proof of Theorem 1 is completed. O

Proof of Corollary 1. Put x,, = A,,/|Bn| and €, = sgn B,, (n > 1). Then the
assumptions (i) and (iii) with (ii) lead to (1.2) and (1.4), respectively. Hence,
we can apply Theorem 1 getting

N En ) log Apy1 —log|Byya| . log Ay i1
: (Z ) P g 4, —Tog Bal e Tog A,

n=1

4 Applications

In this section, we exhibit some examples obtained as applications of Theorem
1. We first remark that, in computing the irrationality exponents of a series,
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the first few terms are negligible by Lemma 6, namely,

(£5)-(23)
n= n=ng

holds for every fixed ng > 1.

4.1 Gap series

Example 2. For any integers a and b with 1 < a < b and b > 2, we define the
sequence {z,} by 71 = a and for 2% < n < 2**! with k > 1

. 22 3 k
) b Qn=249gn—=2% 4 gn=2"4 4 on-2
Ip = a’ <a> € Z>o.
Then, z; = a and

b/a if n=2F forsome k>1
Zp = .
1 otherwise

(&)

n=1

and by Theorem 1

In particular, if @ = b, then we find z,, = a?"

Derevyanko’s case stated above.

" and 2, = 1 for all n > 1, i.e.,
Example 3. For integers a > 1 and b > 1, we have
s} a2n
Z (Z Enyar | =3
n=1

4.2 Engel series and Pierce series

Engel series and Pierce series are series of the forms

> 1 = (=)
e D DP
nep 192" dn nep 4192 " dn

respectively, where {g,},~; is a non-decreasing sequence integers such that
q1 > 2. As an immediate consequence of Theorem 1, we have

Corollary 2. Let {g}n>1 be a sequence of positive integers. Assume that
q1 > 2 and

G192 Gnlgnt1  (n>1).

oo
n . log g,
“(226) =1+ limsup 08 Gnt1

nooo 10g(q1q2 - qn)

Then

10



4.3 Hone’s reciprocal sums

Let {z,} be a sequence of positive integers such that
r1=1, 23>2, 22| 2ni1, Tpp1 > 222, (4.1)
Hone [11] expanded the sum
(oo}
1
S = —
>
n=1
in the continued fraction and proved its transcendence. As an example, he took
up the sequence {z,} generated by the rational recurrence
Tty = x,%lF(an) (4.2)
from the initial values zg = z1 = 1, where
M >3, F(z)€eZsz], d=degF >1, F(0)#0.

Tt is easily seen that {z,} is a sequence of positive integers satisfying the con-
dition (4.1). Hone proved that

log x,, = c2A™ + O(1), (4.3)
where ¢y > 0 is a constant and

M+d+/(M+d)?—4
A= tat (2 +d) 23+2\/5>2.6

is one of the roots of the equation A2 — (M + d)A + 1 = 0.

Corollary 3. Let {x,} be the sequence defined by (4.2) and let a be a positive
integer. Then we have
o0 an
s (Z E"m,,) =\
n=1

4.4 Cahen’s constant
Sylvester’s sequence {S,,} is defined by the nonlinear recurrence
So=2, Sp1=52-8,+1 (n>0).

Cahen [3] proved the irrationality of the number

— ()" (="
ey = = . 4 41.
C ;Snil n;) - 0.643 ,

where x,, = S,, — 1 satisfy the recurrence

xo=1, Zpy1=2zp(Tn+1) (n>0). (4.4)

11



Davison and Shallit [4] established the transcendence of Cahen’s constant C' via
its continued fraction expansion and Becker [2] improved their result by a variant
of Mahler’s method. Finch [9, Section 6.7] asked the arithmetical properties of
the number

=1
=1.691030 - - .

Recently, the authors [7, Example 1.5] proved that, for any algebraic numbers
a #0and v # S, (n > 0) and any positive integers [, the number

oo n

275,

n=0
is transcendental except when a =1 =1 and v = 0, in which case
1
gL
n=0 """

We consider the sequence {z,} of positive integers generated by

x0o=1, Tpy1=anF(z,) (n>0), (4.5)
where
m>2, F(x)€Zsoz], d=degF >1, F(0)=#0. (4.6)
Lemma 7. Let {x,} be the sequence defined by (4.5) with (4.6). Then
logz,, = c(m+d)" + O(1), (4.7

where ¢ > 0 is a constant.
Proof. By (4.5) and (4.6) we have

C c
logzy, = (m + d) log k1 + log <00—|— ! o dd )7
Tk—1 Ty

where ¢ > 0 with cocqg # 0 are the coefficients of F'(z). Multiplying both sides
by (m + d)"~* and summing up from k = 2 to n yields

log z,, = (m +d)" ' log x

n

1 c1 Cq
d n 1
+ (m +d) 322 (mdyF %8 (CO + P +F $g1> ;

where the last sum converges as n — oo, since x, > 1 and m + d > 3. Thus we
can write

log x,,
logz) < 1 c1 Cd
=(m+d)" +» ——log|co+ +t
( ) <m+d P (m+d)* & ( O ey zd
i 1 log co + C1 + + Cd
_ — 0 7
WS (m+d) Tt ¢

12



which leads to (4.7). O

Corollary 4. Let {x,} be the sequence defined by (4.5) and let a be a positive

integer. Then we have
o0 an
En— | = d.
1 ; n- m+

n
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