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Abstract

In this paper, we refine the method of Chowla and Erdős on the irrationality of Lambert series and
study a necessary condition for the infinite series

∑
θ(n)/qn to be a rational number, whereq is an

integer with|q| > 1 andθ is an arithmetic function with suitable divisibility and growth conditions.
As applications of our main theorem, we give linear independence results for various kinds of Lambert
series.

Keywords: Irrationality, Linear independence, Lambert series.
AMS Subject Classification: 11J72.

1 Introduction and main results

The story of what we call “Chowla–Erdős method” in the title of this paper begins with a result of Chowla
[2] dating back to 1947. In [2], Chowla proved that the number

∞∑
n=1

(−1)n−1

t2n−1 − 1
=

1

4

∞∑
n=1

r(n)

tn
(1.1)

is irrational for any integert ≥ 5, wherer(n) is the number of representations ofn as a sum of two squares.
He showed that the base-t representation of the infinite series in the right-hand side of (1.1) contains arbi-
trarily long strings of0’s without being identically zero from some point on, and is therefore not ultimately
periodic. Chowla also conjectures that for anyrational numbert with |t| > 1 the numbers (1.1) and

∞∑
n=1

1

tn − 1
=

∞∑
n=1

d(n)

tn
(1.2)

would be irrational, whered(n) is the classical divisor function defined by

d(n) :=
∑
d|n

1 n ≥ 1. (1.3)

In 1948, Erd̋os [7] extended Chowla’s result by showing that both numbers (1.1) and (1.2) are irrational for
any integert > 1. Erdős’s proof consists in using divisibility properties of the arithmetic functionsr(n) and

∗110 rue du chevalier français, 59800 Lille, France
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d(n), and recently his method has been applied to various kinds of Lambert series; see [6], [10], [11], [12],
[14]. Erdős himself published in 1969 a second paper [8] on the irrationality of Lambert series by using
similar but slightly different ideas. A striking result in [8] is to establish the irrationality of the number

∞∑
p :prime

1

tp2 − 1
,

wheret ≥ 2 is an integer and the sum is taken over all prime numbers.

Remark 1.1. The above Chowla’s conjecture is true for the number (1.1). Even better, it is known that
this number is transcendental for every algebraic number t with|t| > 1. This follows from the well-known
identity

ϑ(x)2 = 1 +
∞∑
n=1

r(n)xn, |x| < 1,

whereϑ(x) is the theta function defined byϑ(x) := 1 + 2
∑∞

n=1 x
n2

, and the fact that the valueϑ(α) is
transcendental for any algebraic numberα with 0 < |α| < 1 (cf. [13, Corollary 4.7], see also [1], [5]).
Besides, an elementary proof of the irrationality of the number (1.1) for any integert (|t| > 1) has been
given in [3]. In contrast, the conjecture for the number (1.2) is still open. One only knows by [4, Theorem 2]
that the number (1.2) is irrational for any nonzero rational numbert = r/s (r, s ∈ Z) satisfying

log |s|
log |r|

<
1

3

(
1− 3

π2

)
.

Note that we are still unaware of transcendence for the Erdős–Borwein constant
∑∞

n=1 1/(2
n − 1).

The purpose of this paper is to refine the method of Chowla–Erdős and give linear independence results for
certain series. LetE denote the set of all increasing sequencesE = {e1, e2, . . . , en, . . . } of positive integers
greater than one which satisfy the following two conditions;

gcd(ei, ej) = 1 (i ̸= j),

and there exists a constantµ > 1 such that
en ≤ nµ (1.4)

holds for any largen. For example, the sequence of all prime numbers belongs to the setE , since thenth
prime numberpn is asymptotic ton logn. Throughout this paper, letq be an integer with|q| > 1.

Theorem 1.1. Assume that the arithmetic functionθ : Z>0 → Z satisfies the following two conditions;
(H1) There exists a sequenceE := {en}n≥1 ∈ E and a positive integerγ such that the following property
holds: if the integern has the form

n = (ei1ei2 · · · eim)
γ N with gcd(ei1ei2 . . . eim , N) = 1, (1.5)

for large distinct integersei1 , ei2 , . . . , eim in E, thenθ(n) is divisible byqm.
(H2) There exists a positive constantν such that

n∑
i=0

|θ(ai+ b)| ≤ n(2 + log n)ν , n ≥ max{a, b},
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holds uniformly for all coprime positive integer pairsa, b.
Assume moreover that the infinite series

f(q) :=

∞∑
n=1

θ(n)

qn
(1.6)

is rational. Then for any positive integer pairA,B, there exist infinitely many positive integersn such that{
θ(n) = 0, (1.7)

n ≡ B (mod A). (1.8)

As an application of Theorem 1.1, we obtain the following Theorem 1.2. In what follows, leth andℓ be
positive integers.

Theorem 1.2. Assume that all the arithmetic functionsθ1, θ2, . . . , θℓ satisfy the two conditions(H1) for a
fixedE ∈ E and a fixed positive integerγ, and(H2) in Theorem 1.1. If thehℓ+ 1 numbers

1,
∞∑
n=1

θi(n)

qjn
(i = 1, 2, . . . , ℓ, j = 1, 2, . . . , h) (1.9)

are linearly dependent overQ, then there exist integersξ1, ξ2, . . . , ξℓ, not all zero, such that the following
property holds: For any positive integer pairA,B with gcd(A, h!) = 1, there exist infinitely many positive
integersn such that {

ξ1θ1(n) + ξ2θ2(n) + · · ·+ ξℓθℓ(n) = 0,
n ≡ B (mod A).

Note that Theorem 1.2 withℓ = 1 shows that theh+ 1 numbers

1,

∞∑
n=1

θ(n)

qn
,

∞∑
n=1

θ(n)

q2n
, . . . ,

∞∑
n=1

θ(n)

qhn
(1.10)

are linearly independent overQ for anyθ such thatθ(n) does not vanish for largen and satisfies the condi-
tions(H1) and(H2).

Corollary 1.1. Letd(n) be the divisor function defined by(1.3)and let{an}n≥1 be a sequence of nonzero
integers satisfyinglog |an| = O(log log n). Then for every integerh ≥ 1 the numbers

1,
∞∑
n=1

d(n)an
qn

,
∞∑
n=1

d(n)an
q2n

, . . . ,
∞∑
n=1

d(n)an
qhn

are linearly independent overQ.

Corollary 1.1 generalizes a result of J. Vandehey [14, Theorem 1.2], who proved the irrationality of the
number

∑∞
n=1 d(n)bn/q

n for a bounded sequence of nonzero integers{bn}n≥1.

ForE := {en}n≥1 ∈ E ands ∈ Z≥2 ∪ {∞}, we define

Fs := Fs(E) := {f1, f2, . . . , fn, . . . } (1.11)

as the increasing sequence of all integers of the formfn =
∏

i e
mi
i , where the product is taken over finitely

many valuesi and the integersmi with 0 ≤ mi < s (resp.0 ≤ mi, if s := ∞). Note that1 ∈ Fs for any
sequenceE ∈ E . LetP ∈ E be the sequence of all prime numbers. Then, for example, the sequencesF2(P),
F3(P), F∞(P) consist of all squarefree, cubefree, and positive integers, respectively. Now Theorem 1.2
gives the following linear independence results for certain Lambert series.
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Corollary 1.2. LetE ∈ E be given andFs be defined in (1.11) for a fixeds ∈ Z≥2 ∪ {∞}. Letq (|q| > 1)
be an integer satisfying|q|L ≤ s, whereL := lcm(1, 2, . . . , ℓ). Then the numbers

1,
∑
n∈Fs

1

qjni − 1
(i = 1, 2, . . . , ℓ, j = 1, 2, . . . , h) (1.12)

are linearly independent overQ. In particular, if s := ∞, then the numbers (1.12) are linearly independent
overQ for any integerq (|q| > 1). The same holds for the numbers

1,
∑
n∈Fs

1

qjni + 1
(i = 1, 2, . . . , ℓ, j = 1, 2, . . . , h).

We give some examples of Corollary 1.2.

Example 1.1.Letµ(n) be the M̈obius function. By puttingF2 := F2(P) andℓ = 1, we see that the numbers

1,
∞∑
n=1

|µ(n)|
2n − 1

,
∞∑
n=1

|µ(n)|
22n − 1

, . . . ,
∞∑
n=1

|µ(n)|
2hn − 1

are linearly independent overQ. It is intriguing to compare this result with the fact that the number∑∞
n=1 µ(n)/(2

n − 1) = 1/2 is a rational number.

Example 1.2. Let E1 and E2 be the sequences of prime numbers congruent to1 modulo4 and of the
squares of prime numbers congruent to3 modulo4, respectively. ThenE := {2} ∪ E1 ∪ E2 belongs to
E andF∞ := F∞(E) consists of all positive integerssn (n ≥ 1) which can be expressed as a sum of two
squares. Then the numbers

1,
∞∑
n=1

1

qjsin − 1
(i = 1, 2, . . . , ℓ, j = 1, 2, . . . , h)

are linearly independent overQ for any integerq (|q| > 1).

Example 1.3. LetN ≥ 1 be an integer andE ∈ E be the sequence of prime numbers coprime toN . Then
F∞ := F∞(E) consists of all positive integers coprime toN , and the numbers

1,

∞∑
n=1

(n,N)=1

1

qjni − 1
(i = 1, 2, . . . , ℓ, j = 1, 2, . . . , h) (1.13)

are linearly independent overQ for any integerq (|q| > 1).

The second author and F. Luca [10], [11] gave linear independence results for some subsets of the numbers
(1.13) by using a result on primes in arithmetic progression with large moduli. Erdős and Graham conjecture
in [9, p. 62] that the number

∑∞
k=1 1/(2

nk − 1) is irrational for any increasing sequence of positive integers
{nk}k≥1. Corollary 1.2 gives irrationality of the numbers

∑
n∈A 1/(2n − 1) for a large variety of the sets

A, and support for their conjecture.

The structure of this paper is as follows. In Section 2, we give the proof of our main Theorem 1.1 based
on elementary arguments used in the papers of Chowla [2] and Erdős [7]. Theorem 1.2 will be proved in
Section 3. Section 4 is devoted to the proofs of Corollary 1.1 and 1.2.
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2 Proof of Theorem 1.1

LetA andB be any positive integers andθ(n) be the arithmetic function satisfying the two conditions(H1)
and(H2) in Theorem 1.1. LetE := {en}n≥1 ∈ E andγ be a positive integer given in the condition(H1).
In what follows, letk be a positive integer sufficiently large. LetSk := {ek3+1, ek3+2, . . . , ek9} andρj be
as the smallest prime divisor ofej (recall thatej ≥ 2 by definition). Since the integersej ’s are pairwise
coprime, the setSk contains at mostk6 − 2 numbersej such that1 < ρj < k6. Hence, dividing the setSk

into thek6 − 1 subsets

{ejk3+1, ejk3+2, . . . , e(j+1)k3}, j = 1, 2, . . . , k6 − 1,

we find that there exists an integerjk with 1 ≤ jk ≤ k6 − 1 such that

ρj > k6 (2.1)

holds for the consecutivek3 integersj = jkk
3 + 1, . . . , (jk + 1)k3. We fix the least such integerjk and

define
Li := Li(k) := ejkk3+2k(i−1)+1 · · · ejkk3+2ki, i = 1, 2, . . . , 2k. (2.2)

Consider the system of simultaneous congruences
X −m ≡ Lγ

m (mod Lm
γ+1), m = 1, 2, . . . , k,

X ≡ B (mod A),

X +m ≡ Lγ
k+m (mod Lγ+1

k+m), m = 1, 2, . . . , k,

(2.3)

where by (2.1) the integersA,L1, L2, . . . , L2k are pairwise coprime for largek. Hence, by the Chinese
Remainder Theorem, there exists a unique integer solutionX := ηk of (2.3) satisfyingAHk < ηk ≤ 2AHk,
where

Hk :=

2k∏
i=1

Lγ+1
i =

4k2∏
i=1

eγ+1
jkk3+i

. (2.4)

Sincejk ≥ 1, we obtain from the assumption (1.4) that for some constantµ > 1

Hk ≤
4k2∏
i=1

(
jkk

3 + i
)(γ+1)µ ≤

4k2∏
i=1

(k9 + 4k2)(γ+1)µ ≤ k40(γ+1)µk2 ,

so that
AHk < ηk ≤ 2AHk ≤ 2k

3
. (2.5)

LetMk := 2k
4

and
uk,i := iAHk + ηk, i = 0, 1, . . . ,Mk. (2.6)

We observe that the two integersHk andηk + m are coprime for each of the integersm = 0 andm =
k + 1, k + 2, . . . , 2k5. Otherwise, there exists a common prime factorp of Hk andηk + m. ThenHk is
divisible byp and so is one of theei’s for jkk3 + 1 ≤ i ≤ jkk

3 + 4k2, which impliesp > k6 by (2.1).
Moreover,ηk + m′ is also divisible byp for somem′ (1 ≤ |m′| ≤ k) by the congruences (2.3). Hence,
m − m′ is divisible byp, sincep is a prime factor ofηk + m. Since0 < |m − m′| ≤ 2k5 + k, we have
p ≤ 2k5 + k, which is impossible for largek. Let

µk,i := |θ(uk,i)|+
2k5∑

m=k+1

|θ(uk,i +m)|, i = 0, 1, . . . ,Mk,
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andτk be the minimum of theMk integersµk,0, µk,1, . . . , µk,Mk
. Then we have by the condition(H2)

(Mk + 1)τk ≤
Mk∑
i=0

|θ(iAHk + ηk)|+
2k5∑

m=k+1

Mk∑
i=0

|θ(iAHk + ηk +m)|

≤
AMk∑
i=0

|θ(iHk + ηk)|+
2k5∑

m=k+1

AMk∑
i=0

|θ(iHk + ηk +m)|

≤ 2k5AMk(2 + logAMk)
ν ,

whereν is a positive constant given in the condition(H2), so that

τk ≤ k4ν+6, (2.7)

sinceMk ≤ ek
4
. Let ik be the least integer such thatµk,ik = τk and

nk := uk,ik = ikAHk + ηk. (2.8)

By (2.4) we havenk ≥ ηk > AHk > 24k
2
. It follows from (2.7) and (2.8) that

2k5∑
m=k+1

|θ(nk +m)| ≤ τk ≤ k4ν+6, |θ(nk)| ≤ τk ≤ k4ν+6. (2.9)

Now we complete the proof of Theorem 1.1 by showing that the integersn := nk satisfy the properties (1.7)
and (1.8) for any largek. The property (1.8) is clear, sincenk ≡ B (mod A) holds for everyk. We prove
thatθ(nk) = 0 for any largek. Clearly,X := nk is a solution of the system of simultaneous congruences
(2.3), so that each integernk +m (1 ≤ |m| ≤ k) has the form(1.5) for large distinct2k integersej given
in (2.2). Hence, by the condition(H1) the integersθ(nk +m) are divisible byq2k for all integersm with
1 ≤ |m| ≤ k, and the infinite series (1.6) is written as

f(q) =

nk−k−1∑
n=1

θ(n)

qn
+

nk−1∑
n=nk−k

θ(n)

qn
+

θ(nk)

qnk
+

nk+k∑
n=nk+1

θ(n)

qn
+

∞∑
n=nk+k+1

θ(n)

qn
,

=
ak

qnk−k
+

θ(nk)

qnk
+ Vk, (2.10)

whereak is a rational integer and

Vk :=

∞∑
n=nk+k+1

θ(n)

qn
.

By (2.5) and (2.6) we have

nk ≤ MkAHk + ηk ≤ 2k
4+k3 + 2k

3 ≤ 22k
4
. (2.11)

Moreover, by the condition(H2) with a = b = 1, we get

|θ(n)| ≤ n(2 + log n)ν ≤ n2 (2.12)
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for largen. Hence, by (2.9), (2.11), and (2.12)

|Vk| ≤
nk+2k5∑

n=nk+k+1

|θ(n)|
|q|n

+

∞∑
n=nk+2k5+1

|θ(n)|
|q|n

≤ 1

|q|nk+k

2k5∑
m=k+1

|θ(nk +m)|+ 1

|q|nk+2k5

∞∑
m=1

(nk + 2k5 +m)2

|q|n

≤ k4ν+6

|q|nk+k
+

16ck1024k
4

|q|nk+2k5
,

wherec :=
∑∞

n=1 n
2/|q|n. Thus, we obtain

lim
k→∞

|qnkVk| = 0, (2.13)

since|q| > 1. Now we use the assumption thatf(q) is a rational number. Then there exist rational integers
α andβ (β > 0) such thatβf(q) + α = 0. After multiplication byqnk−k, we can write by (2.10)

Ik := βak + αqnk−k = −β
θ(nk)

qk
− βqnk−kVk. (2.14)

Multiplying (2.14) byqk yields

Jk := βakq
k + αqnk + βθ(nk) = −βqnkVk. (2.15)

It is clear thatIk andJk are rational integers. By (2.9) we have

|Ik| ≤ β
k4ν+6

|q|k
+

β

|q|k
|qnkVk|, |Jk| ≤ β|qnkVk|,

and hence by (2.13)
lim
k→∞

|Ik| = lim
k→∞

|Jk| = 0.

This implies thatIk = Jk = 0 for every largek, sinceIk andJk are rational integers. Therefore by (2.14)
and (2.15) we obtain

θ(nk) =
1

β

(
Jk − qkIk

)
= 0

for every largek, which is (1.7) as desired. The proof of Theorem 1.1 is completed.

3 Proof of Theorem 1.2

Suppose that the numbers (1.9) are linearly dependent overQ; namely, there existξi,j ∈ Z (1 ≤ i ≤ ℓ, 1 ≤
j ≤ h), not all zero, such that

ℓ∑
i=1

h∑
j=1

ξi,j

∞∑
n=1

θi(n)

qjn
=

∞∑
n=1

Θ(n)

qn

is a rational number, where

Θ(n) :=
ℓ∑

i=1

h∑
j=1

ξi,jsi,j(n) (3.1)
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and

si,j(n) :=

{
θi(n/j) if n is divisible byj,
0 Otherwise.

(3.2)

Let r (1 ≤ r ≤ h) be the least integer such thatξi,r ̸= 0 for somei. LetA andB be any positive integers
with (A, h!) = 1. In what follows, we prove Theorem 1.2 by showing that there exist infinitely many
positive multiplesN of r such that{

ξ1,rθ1(N/r) + ξ2,rθ2(N/r) + · · ·+ ξℓ,rθℓ(N/r) = 0, (3.3)

N/r ≡ B (mod A). (3.4)

We apply Theorem 1.1 withθ := Θ. To do this, we confirm thatΘ satisfies the conditions(H1) and(H2)
in Theorem 1.1. By the assumption on theθi’s, there exists a sequenceE ∈ E and a positive integerγ such
that the condition(H1) is satisfied for allθi’s. LetL := lcm(1, 2, . . . , h) andδ be the least positive integer
such thatgcd(ek, L) = 1 for everyek ≥ δ. Assume that the integern has the formn = (ei1ei2 · · · eim)γN
with gcd(eik , N) = 1, whereei1 , ei2 , . . . , eim ≥ δ are distinct integers inE. If n is not divisible byj,
thensi,j(n) = 0. Otherwise, noting thatgcd(eik , j) = 1, we haven/j = (ei1ei2 · · · eim)γ(N/j) with
gcd(eik , N/j) = 1. Then, by the condition(H1) for θi’s, each integerθi(n/j) is divisible by qm, and
so is si,j(n) by (3.2). Thus, in any case,si,j(n) is divisible by qm, and hence we find by (3.1) thatΘ
satisfies(H1). Next we observe(H2) for Θ. Let a andb be coprime positive integers. Suppose that the
integerak + b is divisible byj. Then there exists a unique integerkj in the range0 ≤ kj < j such that
k ≡ kj (modj), since the integersa andj are coprime because so area andb. Then forn ≥ max{a, b} we
obtain by the condition(H2)

n∑
k=0

|si,j(ak + b)| =
n∑

k=0
j|ak+b

∣∣∣∣θi(ak + b

j

)∣∣∣∣ ≤ ⌊n/j⌋∑
k=0

∣∣∣∣θi(a(jk + kj) + b

j

)∣∣∣∣
≤

2n∑
k=0

∣∣∣∣θi(ak +
akj + b

j

)∣∣∣∣
≤ 2n(2 + log 2n)ν0 (3.5)

for some positive constantν0 depending onθi’s, where we used at the final inequality that the two integers
a and(akj + b)/j are coprime and

max

{
a,

akj + b

j

}
< a+ b ≤ 2n.

Thus, using (3.1), (3.2), and (3.5), we obtain

n∑
k=0

|Θ(ak + b)| ≤
ℓ∑

i=1

h∑
j=r

|ξi,j |
n∑

k=0

|si,j(ak + b)| ≤ 2hℓξn(2 + log 2n)ν0 ≤ n(2 + log n)ν

for n ≥ max{a, b}, whereν := 2ν0 + 2hℓξ andξ := max{|ξi,j | : 1 ≤ i ≤ ℓ, r ≤ j ≤ h}. Hence,Θ also
satisfies(H2).
LetC (0 ≤ C < A) be an integer such that1 + h!C ≡ B (mod A). By the argument above, we can apply
Theorem 1.1 withθ := Θ. Then there exist infinitely many positive integersN such that{

Θ(N) = 0, (3.6)

N ≡ r(1 + h!C) (mod h!A). (3.7)
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The congruence (3.7) implies that the integerN is a multiple ofr, but not ofr + 1, . . . , h. Hence, by (3.2)
we havesi,j(N) = 0 for anyi, j with r < j ≤ h. Thus, by (3.1), (3.2), and (3.6)

0 = Θ(N) =
ℓ∑

i=1

ξi,rsi,r(N) =
ℓ∑

i=1

ξi,rθi(N/r),

which gives (3.3). Moreover, the congruence (3.4) follows by (3.7), sincen = N/r ≡ 1 + h!C ≡ B
(mod A). Theorem 1.2 is proved.

4 Proofs of Corollaries 1.1 and 1.2

We first give a sufficient condition for an arithmetic functionθ to satisfy the condition(H2) in Theorem 1.1.
Recall thatd(n) is the divisor function, defined in (1.3).

Lemma 4.1. Letθ be an arithmetic function. Assume that there exists a positive constantκ such that

|θ(n)| ≤ (2 + log n)κd(n), n ≥ 1. (4.1)

Thenθ satisfies the condition(H2) in Theorem 1.1.

Proof. Let a andb be arbitrary coprime positive integers. Ifn ≥ max{a, b}, then we have

n∑
i=0

d(ai+ b) ≤ 2

n∑
i=0

∑
d≤

√
ai+b

d|ai+b

1 ≤ 2
∑

d≤
√
n2+n

(
1 +

⌊n
d

⌋)
≤ 4n(2 + log n),

so that by (4.1)

n∑
i=0

|θ(ai+ b)| ≤
n∑

i=0

(2 + log(ai+ b))κd(ai+ b)

≤ 2κ(2 + log n)κ
n∑

i=0

d(ai+ b)

≤ n(2 + log n)2κ+3.

The proof of Lemma 4.1 is completed.

Proof of Corollary 1.1. Clearly θ(n) := d(n)an satisfies the condition(H1) for the sequence of prime
numbers andγ := |q| − 1. Moreover,θ(n) satisfies(H2) by Lemma 4.1 and therefore Theorem 1.2 applies,
which proves Corollary 1.1.

Next we prove Corollary 1.2. In what follows, letE := {en}n≥1 ∈ E andFs := Fs(E) be as defined in
(1.11). Define

ai(n) :=
∑

xi|n, x∈Fs

1, i = 1, 2, . . . , ℓ. (4.2)

By definition (4.2), we have

ai(n) =
m∏
j=1

(1 + ⌊σj/i⌋), i = 1, 2, . . . , ℓ, (4.3)
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for the integern = eσ1
i1
eσ2
i2

· · · eσm
im

∈ Fs (i.e.,σj ≤ s− 1 for anyj) with distinct integersei1 , ei2 , . . . , eim in
E, and

ai(mn) = ai(m)ai(n), i = 1, 2, . . . , ℓ, (4.4)

for coprime positive integersm,n such that at least one ofm andn belongs toFs.

Proof of Corollary 1.2. We use the expressions

αi(q) :=
∑
n∈Fs

1

qni − 1
=

∞∑
n=1

ti(n)

qn − 1
=

∞∑
n=1

ai(n)

qn
, i = 1, 2, . . . , ℓ,

whereti(n) := 1 if n = yi with y ∈ Fs, := 0 otherwise, andai(n) is as defined in (4.2). Then the arithmetic
functionsai satisfy(H1) for the aboveE = {en}≥1 andγ := |q|L−1, whereL := lcm(1, 2, . . . , ℓ). Indeed,
assuming (1.5) for large distinct integersei1 , ei2 , . . . , eim in E, we have by (4.3) and (4.4)

ai(n) = ai ((ei1ei2 · · · eim)γ) ai(N) =

(
1 +

⌊
|q|L

i
− 1

i

⌋)m

ai(N) = |q|m(L/i)mai(N),

where we used the assumptionγ = |q|L − 1 ≤ s − 1 at the second equality. Hence,ai(n) is divisible
by qm and the arithmetic functionsai’s satisfy the condition(H1). Moreover, by definition (4.2) we have
|ai(n)| ≤ d(n) for everyi = 1, 2, . . . , ℓ, so thatai’s satisfy(H2) by Lemma 4.1
Suppose to the contrary that thehℓ+ 1 numbers (1.12)

1, αi(q
j) =

∑
n∈Fs

1

qjni − 1
=

∞∑
n=1

ai(n)

qjn
(i = 1, 2, . . . , ℓ, j = 1, 2, . . . , h)

are linearly dependent overQ. Then, applying Theorem 1.2 withθi := ai, we find that there exist integers
ξr, ξr+1, . . . , ξℓ with ξr ̸= 0 such that the following property holds;For any positive integer pairA,B with
gcd(A, h!) = 1, there exist a positive integern such that{

ξrar(n) + ξr+1ar+1(n) + · · ·+ ξℓaℓ(n) = 0, (4.5)

n ≡ B (mod A), (4.6)

where we note that the integersξi’s are independent ofA andB. Let ξ := maxi≥r |ξi| andk be a positive
integer with2k|ξr| > ℓξ. Now we consider (4.5) and (4.6) for the integers

A := (eu+1eu+2 · · · eu+k)
r+1, B := (eu+1eu+2 · · · eu+k)

r, (4.7)

whereu is the least integer such thatgcd(em, h!) = 1 holds for everym > u. Clearly,gcd(A, h!) = 1.
Moreover, by (4.6) and (4.7) we have the formn = (eu+1eu+2 · · · eu+k)

rM with gcd(ev,M) = 1. Noting
thatr ≤ ℓ ≤ |q|L− 1 ≤ s− 1, we obtain by (4.3) and (4.4)

ai(n) =

{
2kai(M) if i = r,
ai(M) if i > r.

Sincear(M) ≥ ai(M) ≥ 1 for everyi = r + 1, . . . , h, we have by (4.5)

2k|ξr| · ar(M) = |ξr|ar(n) = |ξr+1ar+1(n) + · · ·+ ξℓaℓ(n)| ≤ ℓξ · ar(M),

so that2k|ξr| ≤ ℓξ. This is a contradiction and the proof of the first assertion of Corollary 1.2 is completed.
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The second assertion follows from the identities∑
n∈Fs

1

qjni + 1
= αi(q

j)− 2αi(q
2j), i, j = 1, 2, . . .

and the first assertion shown above.
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