IRRATIONALITY EXPONENTS OF NUMBERS
RELATED WITH CAHEN’S CONSTANT

DANIEL DUVERNEY AND IEKATA SHIOKAWA

ABSTRACT. We give lower and upper bounds of the irrationality exponent of
general continued fractions satisfying certain conditions. Using it we estimate
the irrationality exponents of continued fractions representing numbers related
with Cahen’s constant and deduce their transcendence from Roth’s theorem.

1. INTRODUCTION

For a real number «, the irrationality exponent p () is defined by the infimum
of the set of numbers p for which the inequality
1
(1.1) p‘ <

a—=% =
q q*

has only finitely many rational solutions p/q, or equivalently the supremum of the
set of numbers p for which the inequality (1.1) has infinitely many solutions. If «
is irrational, then p («) > 2. If «v is a real algebraic irrationality, then u () = 2 by
Roth’s theorem [8]. If 1 () = oo, then « is called a Liouville number.

The main theorem of this paper, Theorem 2 in Section 2, gives lower and upper
bounds for the irrationality exponents u («) of continued fractions

ap a2 as

«= by + by + b3 +
where a,, and b,, are nonzero integers satisfying certain conditions. We apply Theo-
rem 2 to continued fractions representing numbers related to Cahen’s constant and
deduce their transcendence from the obtained lower bounds of their irrationality
exponents.

In 1880 Sylvester [11] proved that any real number 0 < < 1 can be expanded
uniquely in the series

)

+o0o 1
T = —
Z tn ’
n=0
where the t,, are integers satisfying the condition tg > 2, t,, 41 > t2 —t,+1 (n > 0),
and furthermore that x is rational if and only if the equality holds for all large n.

He examined some of the properties of the (Sylvester) sequence {S,},~, defined
by -

(1.2) So=2, Spi1=25%-

i—=S,+1 (n>0),
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which satisfies

= = 1 1 1
1. — = — = =1
( 3) nEZ:OS” Z(‘Sn_l S’rb—i-l_l) SO_1

n=0

Cahen [2] and Sierpinski [9] independently obtained similar results for alternating
series; namely, any irrational number 0 < & < 1 can be uniquely written in the form

“+oo n
_ v =D
B nZ:O Un ’

where the u,, are integers satisfying ug > 1, uy11 > u2+u, (n > 0). As an example,
Cahen [2] mentioned that (Cahen’s constant)

+§(—1)"_1 L1111 L
~ w, 1 26 42 1806 3263442

is an irrational number, where ug = 1, up11 = u2 + u, (n >0), and hence u,, =
Sy —1 (n > 0). We note that the sequence {s,}, - defined by

(1.4) 50=2, Spp1=5+8,—1 (n>0)
satisfies
+oo n +oo n n+1
(-1) ()" (=1) 1
1.5 = _ _ _ 1
(1.5) 72 Sn, T;) Sp+1  spp1+1 so+1 3

In 1991 Davison and Shallit [4] proved the transcendence of Cahen’s constant.
Becker [1] improved the result by Mahler’s method.

In this paper we generalize the sequences S,, and s, defined in (1.2) and (1.4)
by introducing the sequences u,, = u,, (€) satisfying ug € N, ug > max (1,¢), and
the recurrence

(1.6) Upi1 = U2 —cu, +¢  (n>0),

where ¢ is a non-zero integer given arbitrarily. Next, we define the numbers v, . =
Ve (uo) by

+o0 c
(1.7) we=> 1

Up — €
n=0 n

n

>l (1=1,2,3,---).

We expand the numbers ;. in continued fractions whose partial numerators a,
and denominators b, satisfy the assumptions in Theorem 2, which will be formu-
lated in section 2. Applying Theorem 2, we obtain the following

Theorem 1. Let ;. be the numbers defined by (1.7). Assume that uy and € are
coprime. Then p(y1,e) =3 and

2 4
2+5 SH’(’YQ,E) §2+77
(1.8) 2 3(1-1)
24 —— < ) <24+ —+- (1>3).
tg oy S =24 57 (123)
Corollary 1. For every positive integer I, v is a non-Liouville transcendental
number.
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Corollary 2. Assume that w, satisfies (1.6). Define

“+o00 (*6)77’

(1.9) =t u)=Y

n=0

n
Then 1 (&) = 3 and consequently & is a non-Liouville transcendental number.

Proof. It rests on a formula which generalizes (1.3) and (1.5). We have

1 £ 1 € 1

Up —E  Upt1 —E  Up—E Uy (Up —€) Up
which yields

X = en gntl 1
1.10 — = — = c Q.
R S )=

Up4+1 — €

Similarly, we can write

—+oo +o0o —+oo
n en 5271 €2n+1 5271
(1.11) 71,522(—1) u —622 Uy —E U —c) T Lu
n—0 n n—0 2n 2n+1 n—0 2n

Therefore by (1.9), (1.10) and (1.11)

1.12 =2 —
( ) &e M,e ug—¢’

which proves that p(§:) = p(7,e) = 3 by Lemma 1 (Section 3 below).
We give some examples of the numbers 7; . and &..
Example 1. When ¢ = 1 and ug = 2, we have
+oo n
(=1
7l,1(2):271 (1:172333"')3
n=0 (S’ﬂ - 1)

&2)=) 5

n=0

In particular, ;1 (2) is Cahen’s constant.

Example 2. When € = —1 and uy = 2, we obtain
+oo n
(-1)
’7[,71(2): 7 (12274763"')7
;0 (sn+ 1)
+oo 1
717—1(2): EEE— (1:173753"')3
n;) (50 + 1)’
o0 1
1(2) = —.
§-1(2) nz:%sn

Example 3. When ¢ = 2 and ug = 3, u,, is the n-th Fermat number:

u, = F, =2%" +1.
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Therefore we have

10 ® =3 (0" (72g) =0 () =128,

n=0 n=0
T H\n

£(3)=)_ %
n=0 n

It should be noted that the irrationality exponent of the sum of the reciprocals
of Fermat numbers is equal to 2 (see [3]).

Example 4. Denote by L,, the sequence of Lucas numbers. Define
gn+1 _on+1
Up = Lont1 =@ + @ )

where & = % (1 + \/5) is the Golden number. Then clearly v, 11 = v2 — 2. If we
put u, = v, + 2, we see that uop = 5 and

Upt1 = ui —4u,, +4

for every n > 0. Therefore

400 n l
V1,4 (5) :Z(—l)n (.ngi—Q) (1=1,2,3,---),

n=0

+oo (_4)71

AGEDY

0 L2n+1 '

The paper is organized as follows. In section 2 we state Theorem 2, which gives
lower and upper bound for the irrationality exponent of general continued fractions
under certain conditions. Section 3 is devoted to the proof of Theorem 2. In
section 4, we prove Theorem 1 above by using Theorem 2. Finally, in section 5
we give an alternative proof of a special case of Theorem 1, namely p(v1.) = 3,
by using approximations by the truncated sums of its defining series (1.7) in place
of convergents of some continued fraction expansion. This proof rests heavily on
formula (1.11), and for this reason it doesn’t allow to estimate y (y;,c) for I > 2.

2. IRRATIONALITY EXPONENTS FOR GENERAL CONTINUED FRACTIONS

We employ the usual notations for continued fractions :

ap ap an a Ap
b+ = 2 .. o+ =
"Thitb+ 40, 2 7B,
by + . an
._|_E
and 4
ay a2 as . n
bo+— — — o= lim —,
0 bl+b2—|—bg—|— 7’L—>+O<>Bn

where {A,,} and {B,} are defined by
Ay =1, Ay=by, B_1=0, By=1,
(2.1) Ap=byAp_14+aAn—a (n>1),
B, =b,By_1 +anBp_2 (n > 1) .
For complex numbers {a,} and {b,} with a, # 0 for all n > 1, the infinite
continued fraction written above is said to be convergent if at most a finite number
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of B,, vanish and if the limit exists. We refer to [5] or [7] for basic formulas and
properties of continued fractions.

Theorem 2. Let an infinite continued fraction

aq a9 as
2.2 o= — —_ — o
(2:2) by + b + b3 +

be convergent, where a, b, (n > 1) are non zero rational integers. Assume that

“+oo

An41
2.3 Sl | oo,
(2:3) ; bpbnt1
and
. ajag - an
2.4 | — 1 =0.
(2.4) L o

Then « is irrational and its irrationality exponent p () satisfies
(2.5) 240 < p(a) <24 max (1, 72),

where

log by 41| — 1 e,
(2.6) o = limsup og [bpy1| — log|aras - - - ani1] ’
n—+o0 log [b1bg - - - by
IOg |a1a2 . an'

2.7 = limsu ’
(2.7) T D g [b1ba -~ bn| — log |araz -~ an)|
and

1 —1 = 2log (A, B
(2.8) Ty = lim sup 08 [bnt1] —loglaias -+~ ans1| + 21og (An, Bn)

n—-+oo IOglble---bn| —]og‘a1a2...an|
with (A, Bn) the greatest common divisor of A, and By,.

Remark 1. If we assume in Theorem 2 that a, > 0 and b, > 0 for every n > 1,
(2.1) implies that

BTL an n
— b, a, 22,

b, < )
Bn—l Bn—l bn—l

and therefore by an easy induction

(2.9) biby-- by, < B, < blbz...an (1 + ka: 1) < Kbyby -+ by,
k=1 -

where K = [[72; (1 + ax/brbg_1) . Therefore the upper bound 7 given by (2.7) is
the same, in this case, as the upper bound given by Lemma 2.3 in [6].

Corollary 3. Let « be given in Theorem 2. If o > 0, then « is a transcendental
number.

Theorem 2 with the formula
(2.10) ApBpi—An_1Bp = (-1)"""aiay---an (n>1)

leads to the following corollary, which will be proved at the end of Section 3.
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Corollary 4. Let an infinite continued fraction
- al ag QA

T bat+ 4 b,

be convergent, where an, by, (n > 1) are non-zero rational integers. Assume that

+oo
Ap+41
(2.11) — | <0
7;1 bnbn+1
and
(2.12) log Jax| _

n=Too Tog [by|

Then « s irrational and

. log |by, 1]
o) = 2+hmsu _—
#e) S 1 og [b1bs - ]

Remark 2. The irrationality exponent of an irrational number o with a simple
continued fraction expansion

a = [bo; br, b2, - - -]
and convergents p,/q, = [bo; b1, b2, -+ ,by] is given by
logb
(2.13) p (@) =2+ limsup AR Y

n—oo lOgqn

(cf. [10]). We note that, if b,, satisfies

+oo
w1 b =
then (2.13) becomes by using (2.9)
log bp+1

2.14 a) =2+ limsup ————————.
(2.14) (@) MU by Do)
Hence Corollary 4 provides an extension of the formula (2.14) to a general continued
fraction. Note also that the irrationality exponent for Cahen’s constant i (2)
could be computed from (2.14) by using the continued fraction expansion obtained
by Davison and Shallit in [4]. But this is not the case for v, (uo) if (1,¢) # (1,1).

3. PROOF OF THEOREM 2

For the proof of Theorem 2 we need the following lemma, which is well known
(see for example [6], Lemma 2.2). However, we will give here a self-contained proof,
different from the proof in [6].

Lemma 1. Let o be an irrational number. Then

(3.1) ;uwzu(”+“)

c+ da

for all integers a, b, ¢ and d with ad — be # 0.



NUMBERS RELATED WITH CAHEN’S CONSTANT 7

Proof. Let a be a non-Liouville number. It is easily seen that

(32) p(a+m) = p(na) = p ()
for any rational integers m and n # 0. We prove that p(1/a) = p(a) for a > 0.

Suppose that (1.1) has infinitely many solutions p/q with p, ¢ > 0. We can assume
that «/2 < p/q < 2. Then

a p

p/L p/L—E

1 c 1
q‘< <

has infinitely many solutions ¢/p, where C = (2&)”71 /o and € > 0. This implies
1 (1/a) > p(a). Replacing a by 1/a, we have u(a) > p(1/a), and so p(a) =
w1 (1/a). Now, if d = 0 we have by (3.2)

<a+ba

- > =p(a+ba) = pba) = p(a)

and similarly for d # 0
a + ba 1 ad — bc 1
”<+da) —“(d (b+c+da>> —“(c+da> = pletda) = pfa).

Hence the lemma follows if « is not a Liouville number. As a consequence, we see
that « is not a Liouville number if and only if

a + ba

p= c+da
is not a Liouville number. Therefore, if « is a Liouville number, then § is also a
Liouville number and p () = p(8) = oo, which proves Lemma 1. |

Proof of Theorem 2. By the assumption (2.3), there is a positive integer N such
that

anJrl

(3.3) <7 (=N

bnbn+1

In the following, we assume that N = 1 and the general case N > 2 will be
discussed at the end of the proof. For any integers n > 0 and k > 1 we define

An,fl =1, An,O = 07 An,k: = anrkAn,kfl + an+kAn,k:727
Bn,fl = 07 Bn70 = 1a Bn,k) = anran,krfl + anJran,k:an

so that
An,k‘ _ G411 Gni2 Ontk
Bn,k anrl + bn+2 + + anrk ’
and
Ap+l  Gpas @ . A, L
(3.4) Oy = nt n = lim 2R
bn+1 + bn+2 + bn+3 + k—-o0 Bn,k:

In particular,

) A
(3.5) a=a;= lim ="
n—-+oo n
ax a2 Gp—1 (£29) o An + anJrlAnfl

B E‘FE"’ +bp_1 + by + apt1 B B, +an+1Bn—1’
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where A,, = Ay, and B, = By, (n > 1). We have for k > 2

(3 6) { An,l = Anp+1, An,k - an+1bn+2bn+3 te bn+k9n,19n,2 te en,k
’ Bn,l - bn+17 Bn,k - bn+1bn+2bn+3 e bn+k5n,16n,2 T 5n,k
with
Qn,l = 0n,2 = 17 en,k =1+ Oncth (k > 3) )
(37) bn+k71bn+k9n,k71

Ap+k
bp1=1, Sprp=1+ k>2).
- ’ bn+k71bn+k5n,k71 ( )

From (3.3) and (3.7) we deduce by induction on k that

1 1

We remark that A,, ;B # 0 for any n > 0 and k£ > 1 by (3.6) with (3.8). It
follows from (3.4) and (3.6) that

Eﬁﬂﬁizifﬁ$ (n>0)
Ap+1 k=15 k - ’

where the infinite product converges to a non zero limit in view of (2.3), (3.7) and
(3.8). As limy, 400 O = lim, 4o dp k= 1 uniformly with respect to k, we find

. bpgpronga
lim ——— =1,
n—-+oo an+1

particularly,

3 < On1an+1 < 4 (n>ng).

4 Ap+1 3

Furthermore, since B,,/B,_1 = b,00,, by (3.6), we have by (3.3) and (3.8)
ant1 Bno1 < 1
borr Bn | =2

Applying the formula (2.10), we deduce from (3.5)

(3.9)

(3.10) (n>1).

o A, _ (-1)" anqr0102---an (—1)" arag - - ans1

Bn Bn Bn n Bn— B n n Bn— ’
(Br + ant1 1) b1 B2 (b a ;_1 +Z 11 i 1)
n+18&n41 n+1 n

which together with (3.9) and (3.10) yields

llaias - @nt1] A, laras - - - anyi]
11 —_—— - — 4— > .
S R T 5 Bul <Y Bz E™
It follows from (3.6) that
2 3
(312) §p|b1b2bn| < |Bn| < §p|b1b2bn| (nan Zno),

where p = [[7- do,x > 0. Combining (3.11) and (3.12), we obtain

1 |aiaz- - anq1 6 |aiaz - any1
3.13 — | B,a— A - | > .
(3.13) 6p | b1by -+ byi1 < [Bna nl < p|biba- by (n2m1)
Suppose that « is a rational number a/b with b > 0. Then we have by (3.13)

6b e
1< |aB, — bA,| < = |82t 5 ),
p

biby - bpy1
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where the right-hand side tends to zero as n — oo by the assumption (2.4), which
is a contradiction. Hence « is irrational.

Let o be defined in (2.6). We prove the lower bound for p («) in (2.5). There is
nothing to prove if 0 < 0 and we can assume that o > 0. Taking the logarithms in
(3.11) yields

(3.14) log < log4 — (log |bp+1| — log|araz - - - ant1|) — 2log| By .

a n
B,

As o > 0, for € > 0 sufficiently small there exist infinitely many n such that

log |bp 1] — loglajas - - - anq1]
log ‘ble cee bn|

Moreover, by the right-hand side of (3.12), we have for every n sufficiently large

(3.15) >0—e>0.

(3.16) log [b1bg - - - by, | > log | By,| — log (32'0) > (1—¢)log|B,| > 0.

Hence, by using (3.14), (3.15) and (3.16) we obtain for every € > 0 and infinitely
many n

An
a— 2%
B

log <log4d — (0 —¢)(1 —¢)log|B,| —2log|B,|

<—24+0—e(0+2—¢))log|Bnl.

Therefore, for every € > 0 sufficiently small there exist infinitely many n such
that
An
B,
which proves that p(a) > 2+ 0.
We prove now the upper bound for p () in (2.5). Choose any rational number
p/q. We may assume that p and ¢ are coprime and

biby--- b,
alaz...a/n '

1

o= B721+0'78(0'+276) )

p .
>7
4= 15 50

In view of (2.4) there exists n = n(q) > n; such that
blbg"'bn b1b2"'bn+1

a1ag - - ap 1042+ Ap41

12
S —q<
P

(3.17)

We consider two cases:
Case 1. Apq — Bpp #0. Then |A,q — B,p| > 1. We have

Bn(ap>Aannp+BnaAn.
q q

The right inequalities in (3.13) and (3.17) yield
1
Hence we get

1
2q|Bn|  2¢' T’

(3.18) ‘a’q" >
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where

log | B, log [b1bs - - - by, | 4 log (3p/2
19 el oglbibe bl +log (/D)

logg  log|biby---by| —loglaias - - an| +log (p/12)
using the right and left inequalities in (3.12) and (3.17) respectively.

Case 2. A,q— B,p=0. Then A,, = (A,, B,)p, B, = (A, By) g, recalling that
p and ¢ are coprime. So we deduce from (3.11)

An 1 Tt ln 1 1
(320) a_p’:‘a_ > - |a1a2 a +12‘ [ 5o ;
q Bn 4 |bn+1| (Aru Bn) q2 4 q Zn
where
- o 10g|bn+1| _10g|a1a2"'an+1| +210g (An7Bn)
2n —

log q
log |byy1| — loglatas - - ant1] + 2log (An, Br)
log |b1b - - - by | — log ayaz - - - an| +log (p/12) 7

using the left inequality in (3.18). The upper bound
w(a) <24 max (11, 72)

is obtained from (3.18), (3.19) and (3.20), and the proof of Theorem 2 is completed
in the case N = 1.
We assume finally that N > 2. We can apply Theorem 2 to an. Then

(3.21) 2+ 0 <p(an) <24 max(m,72),
where

log |bn1n| — log lanyan 1 antn

o = limsup
n——400 10g|bNbN+1"'bN+n—1|

log lanan+1- - aNgn—1]

71 = limsup ,
n—+too 10g|bNON 41+ DN yn_1] —loglanyanii - anin_1]

7y = limsup log |bxn| —loglanvanti - - antn| +210g (AN—1n, BN—1,n)
n—too log |bnbny1 - bN4n—1| —loglanant1 - aNtn—1]

However, we have for every n € N

AN—i4n =AN2AN_1n+AN_1Bn_1n
By—14n = Bn—2AN_1n+BNn-1Bn_1n

since the sequences Ax_14n, AN—1,n, BN—1+n and By_1 , satisfy the same recur-
rence relation and this is true for n = —1 and n = 0. Therefore

(AN-1n, BN-1,n) < (AN—14n; BN—14n)

and the proof of Theorem 2 is complete because u (ay) = p(a) by (2.10), the last
equality of (3.5), and Lemma 1.

Proof of Corollary 4. TFirst we prove that the assumptions (2.11) and (2.12)
imply (2.4). Indeed (2.4) holds trivially if |a,| = 1 for all large n. Otherwise, we
see by (2.11) that lim,,, 4 |b1b2 - - - by | = +00, and so

(3.22) lir}rl log [b1bg - - - by | = +00.
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From (2.12) and (3.22) we can deduce that

log|ajas - - - ay|

(3.23) 0.

ntoo log |brbs -~ bn|
This implies in particular that |ajas - - - a,| < |b1ba - - bn\% for every large n, and
hence (2.4) follows.
Therefore we can apply Theorem 2. By the definition of o, we have

o = limsup _ o8 lbur] 1|
n—too 10g[b1b2 - - by
using (2.12) and (3.23). Similarly we get
. 1
S o by, 0=
log|ajas - - - ay)

Finally, we compute 75. Applying the formula (2.10) to (A, B;,) in the definition
of 15, we find
5 < lim sup log [bp11| — log |an11]| + loglaias - - - ay|
n—-+o0o0 10g|b1b2bn| —10g|a1a2...an|

= 0"
and the proof is completed.

4. PROOF OF THEOREM 1
For proving theorem 1 we will need three lemmas.

Lemma 2. Let € be a non zero integer. Let u,, = u, () be defined by ug € N, with
up > max (1,€), and

(4.1) Upp1 = U2 —cu, +¢  (n>0).

Then ., is a positive integer for every n > 0 and there exists a constant A > 0 such
that

(4.2) log u, = A2" 4+ O(1).
Proof. First we prove by induction that
(4.3) u, >max (2" + 1,¢)

for every m > 0. This is true for n = 0 by hypothesis. Assume that it is true for a
given n > 0. We have by (4.1)

(4.4) Unt1 — € = Up (Up — €).
This implies u,41 > €, since u, > max (27! + 1,¢) . Moreover
Upy1 — Up = (Up —€) (U — 1) > 2771
since by the induction hypothesis u,, —& > 1 and u,, > 2"~ + 1. Therefore
Upgr > Up + 2771 > 2" 41,

which proves (4.3). Hence the sequence u,, is a sequence of positive integers.
To prove (4.2), we observe that, for every positive integer k,

loguk210guk_1+1og<1 c + 26 )
Uk—1 U1
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2n7k

Multiplying by and summing for £ from 1 to n yields

n 1 6 6
logun2”10guO+2”22klog(1u + = )
k=1 k=1 Upg

Since u,, > 2"~ ! 4 1, the series

R € €
— log (1 — + )
Z 2k uz_l

Uk —
h—1 k—1

is convergent, and we can write

“+o0
" 1 € €
logu, =2 (log ug + ,;,1 ok log (1 — + — ))

Ug—1  Up_q

+oo

— leog<1— < + - )
k=n+1 2k Uk—1 ui*l
Finally we have
X1 € 5 X1
> (1o p )| 5 e
k=n+1 k=n+1
when n — +o00, which proves (4.2). O
Lemma 3. Let x1, 2, T3+, Y1, Y2, Y3 -- be non zero complex numbers, and let
~ Yiy2 -y :
4.5 X = " === 1=1,2,3,---
(45) =Y (BB m12e
n=1
be convergent. Then
. aq a9 Ay,
Thi bt by e
where
= —q! =yl gl1 > 9
ai Y1, Gnp YnTp 1 (TL - ) ’
bl :xlh b2:x;1 (le_yé)7
(4.6) ToTg T
bk— 244 2k—2 IEl 1 kZQ
2 xl?ﬁ%gl??’@; ( 2k ka) ( )
bops1 = ——o2kml — k>1).
2k-+1 TTa - Tk (@i 92k+1) ( )

Proof. Applying Euler’s transformation

n

Zppo'..p:& _p2 _pS e _pn
— ol 414 p+ltps+ +14p,

with p; = —ylz;7' (i > 1), we have

!l 1.~ 1.~ !l
YT Y2y Y33 . YnTn

X, = R
: 1 +1—yéx;l+1—yéx§l+ +1—y£1$ﬁl+
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Hence for any sequence t,, of non zero real numbers
—t1 (yhay')  toty (yhas')
t1 + to (1 — yél’;l)
tata (vhr3')  tateor (hra')
+t3 (1—yéx§l) + 44, (1—y,llm;l) +

(4.7) X, =

We apply (4.7) with t; = 2}, to = xflx”z, and
ToT4 """ T2k—2 | T1T3 Tog—1
top = =2 TRl (k>2), topp = —— 2Ly k>1).
T1X3 ¢ Tok_1 2k ( ) + ToZg - Tok 2k+1 ( )
We observe that
o1ty = bzl t (n>1).

Therefore from (4.7) we obtain

aq as as Qp,
4.8 X == =2 = ... =
( ) : b1+b2+b3+ +bn+
where a,, and b, are given by (4.6), which proves Lemma 3. O

Lemma 4. Let u, be defined in Lemma 2. Assume moreover that (ug,e) = 1.
Then, for integers m,n > 1 and 0 <1 < n,

(i) (un,ui) = (un,e) =1,

) u™ =e™ (moduw;),
up —€em 1
(vi1) h =me™ ! (modu;).
n

Proof. We have u;11 =€ (modw;) by (4.1), and an easy induction using again (4.1)
shows that
u, =¢  (modu,;) if i<n,

which proves (i7) and (éii). For proving (i), assume that there exists a prime p
which divides u; and €. Then by (4.1) p divides ug (ug — €) and p divides ug, which
is impossible since (ug, €) = 1. Hence (ug, ) = 1 implies (ug, ) = 1 and by induction
(tun,e) = 1 for every n > 0. Now let d = (un,u;), i < n. By using (i) we have
U, = qu; + € with ¢ > 0, and therefore d divides u; and &, whence d = 1. [l

Proof of Theorem 1. By using (4.4), we see that
(4.9) Up —€ = (U —€)UUg -+~ Up—1 (N >2).

By (4.9) we can write

1 gl o« Y l
(4.10) Ve = (Uo —E)l - (u1 —E)l (1 +nzz:1(_1) (U1U2"'Un) ) .

Now we define

400 en l
* = - — .
v =30 (D ()

Then p(y,e) = p ('ﬁ,a) by (4.10) and Lemma 1. From Lemma 3 with z,, = u,
and y, = € we get

* ap Qg [£2%
(411) ’Yl,z—: =

by by A byt
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with
ay = —¢', a, =l (n>2),
by =ul, by= ufl (ul2 — El) ,
(4.12) I
bop = 2T Pk E>2
2 Ulg%' K UQI&—; ( 2k ) ( ) )
1U3 * - U2k—1
baks1 = (ubjyr —€')  (B=1)

UUy - -+ U2k

Hence we can write by (4.9)

2 Uy, — €'
bor = (w1 —¢€) (ugtuy - - - ugp—2)” ——— (K >2),

(4.13) 22512; 61 —¢
bogt1 = (u1 — €) (uguz - - ugp—1)* —H—— (k> 1),
U2k+1 — €

and therefore a,,, b, € N° for every n > 1. Moreover by (4.13) we also observe that,
for every n > 3,

1
(414) Unp—2k |bn 5 1 S k S 5 (n — 1) .

where a|b denotes as usual that a divides b. Now we apply Theorem 2 to the
continued fraction 7/, with a,, and b,, given by (4.12). If we take the logarithms in
(4.12) and use (4.2), we see after some calculation that

(4.15) logla,| =A(1—1)2""' +0(1),
(4.16) loglaias - -a,| =A(1—1)2" + O(n),
(4.17) log by = %)\(31 ~ 12"+ O(n),

2 n 2
(4.18) log (bab -+ b,) = A (31 = 1)2" + 0 (n?).

Therefore a,, and b,, satisfy the assumptions (2.3) and (2.4). Using (4.16)-(4.18)
in (2.6) and (2.7), we obtain
g2 _30-1
BT L T
which already gives the lower bound for x (;,c) by using Theorem 2 and the exact
value p (7v1,e) = 3 by using Corollary 4.
To estimate 75 defined by (2.8), we use the estimate
(4.19) log (An, Bn) = O (n?)
as n — oo, where A,,, B, are defined in (2.1) with a,,b, given in (4.12). This
estimate will be proved later. Then from (2.8) with (4.16)-(4.19) we can deduce
4
BEETN
and we see that 75 < 71 for [ > 3, while 79 > 71 for [ = 2. This yields the upper

bound in (1.8).
It remains to prove (4.19). If [ = 1, then log (A, B,) = O(n), since

T2

(4.20) (An, By) [€™ (uouq - un—1)™" (n>1,1>1)
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by (2.10) and (4.12). So we can assume that [ > 2. We define
(4.21) d; =d;i(n) = ((An, Bn),u;) (0<i<n-—1).
By Lemma 4 (), we have (d;,d;) = 1 if i # j, and therefore dods - - - d,,—1 divides

(An,Bn). Put (An,Bn) = k,dody ---d,_1 and u; = dlu; fori=0,1,---, n—1.
Then by (4.21) we see that (kn,u}) =1fori=0,1,---,n— 1. By (4.20) we have

e (dody -+ dyp_y)' (uguy -« - u, 71)1_1 (n>1),

n

(4.22) ko

which implies that k, ’s”l (dods -~ dp_1)""", whence (An, By) |e™ (dody -+ dn1)" .

Hence to prove (4.19) it is enough to prove that

(4.23) log (dids -+ dy—1) = O (n?) ,
since dy < ug. For proving this, we will estimate d; for every integer j such that
(4.24) 1<j<n-1.

From (2.1) we have for every integer ¢ such that 0 <i <mn —2

An—i—l _ O 1 An—i—2
(425) ( Anfi ) - ( Ay —j bnfi ) < An,i,1 )7
An—i—l _ Ap—i—1 bn—i—l An—i—?)
(4.26) ( A, ) = ( Un—i—1bp—i Qp_i+bp_ibp_i_1 ) ( An—i—2 )~

Define for every integer i such that 0 <i < 1 (n—2)

(4 27) N = < An—2i—1 bn—2i—1 ) ]

On—2i—1bn—2i Gn_2; +bp_2ibp_2;_1

By (4.26) we can write for every integer k such that 0 <k < 1 (n—1)

k—1
An—l _ . An—2k—1
(4.28) ( A ) = (H N,) ( A ) .
=0
Case 1. Assume that j =n — 2k, with 1 < k < % (n—1).

Then by (4.12), Lemma 4 (i7) and (4.14) we have

(4.29) N; = < “”*OQH bz_gf_”;l > (mod u, o) .

Therefore by (4.28) we see that A,, = ¥~V A, o, (modwu, o), and the same
holds for B,,. As dy,_ok |un—2r and dp_op |(Ay, By) , this yields

(4.30) dn—2k ‘Ek(zl_l) (An—2k, Bnar) -
By (4.20), this implies that

gnl+k(20-1)

dp—ok (uouy - - un—2k—1)l_1 .

As dy—o |Un—2k , we have (dp—2k,u;) = (dp—ak,e) = 1 for i < n — 2k by Lemma
4 (1), and therefore

(4.31) dyow=1, 1<k<=(m-1).

[\]

Case 2. Assume that j =n—2k—1, with0< k< 1(n-2).
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Then again by (4.12), Lemma 4 (iz) and (4.14) we have

(4.32) N; = 21 < bn172i (1) ) (mod tp—2k—1) ,
which yields
k—1 1 0
(4.33) N; = k=1 ( b1 ) (mod uy,—2k—1) -
E} ' Zi:o bn—2i 1 "
However by (4.13) we see that, for i =0, 1, --- | k,
il ful el
(4.34) bnfgi = (u1 — E) Cn H Up—2h i,
h=it1 Up—2; — €
where Cr, = [[;5111 u?_,, satisfies by Lemma 4 (4)
(435) (Cnyun—Qk—l) =1
By using Lemma 4 (44) and (i), we see from (4.34) that
(436) bn,Qi = ZEZ (ul — E) CnEQ(k_i) (mod unfgkfl)
fori=0,1, ---,k. Now we denote
k
(4.37) Dy =) &,
h=1

and we obtain from (4.33)

k—1
1 0
k(211
(4.38) ‘I_IO N;=¢ ( el (uy — &) Dy 1 > (mod uy—9g—1) -

Finally, from (4.25) and (4.28) we have

k—1
An_1 0 1 An—ok—2
= (1T~ .
< An ) (E) ) ( Ap—2k bn—2k > < An—2k—1 )
As ayp—_o =0 (mod u,—2k—1) by (4.12) since n — 2k > 2, this yields by using (4.36)
and (4.38)
(4.39) An = l(u1 — E) Cn€k(21_1)+l (Dk + 1) An—2k—1 (mod un_gk_l) s

and the same holds for B,,. We now proceed as in the first case. Asd,,—ok—1 |tn—2r—1
and dy—2x—1 |(An, Bn) , we see by (4.39) and (4.20) that

(440) dn—Qk—l l (U1 - 6) OrLgk(2171)+(n+1)l (Dk + 1) (U'OUI tee un—?k‘—Q)l_l .
As dp—og—1 |tun—2k—1 , we have by Lemma 4 (7) and (4.35)
dp—op—1|l(uy —e) (Dx + 1),
and therefore by (4.37)

(4.41) dpop1 <l(ug —e)(k+1)e*, 0<k<-(n—-2).

N | =

By using (4.31) and (4.41), we see that
d1d2 e dnfl S l’ﬂ ('LLl - E)n n!527L27

which proves (4.23) and (4.19) and completes the proof of Theorem 1.
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5. AN ALTERNATIVE PROOF IN A SPECIAL CASE

In this section, we give an alternative proof of Theorem 1 in the case where [ = 1.
Starting with (1.11), we can write

(51 me-y —= 3 =
k=0 W2k I Y2k
We define for every integer n > 0
o o2k
(5.2) qn = Upuz - Uz, Ry = Z —.
e U2k
=n+1

We also define p,, by induction by pg = 1 and

(53) Pn+1 = PnU2n+2 + 52"+2qn-

With these notations, (5.1) becomes

Pn
(5.4) Ne—— =R,

dn
and an easy induction using (5.3) and Lemma 4 (i) shows that (p,,q,) = 1 for
every integer n > 0. Moreover, by Lemma 2, there exists a constant A > 0 such

that

(5.5) log ugy, = M" + O(1),
and consequently

A
(5.6) 1%%:§M“+Ow.

Now let h be any given positive number, arbitrarily small. By (5.5) and (5.6) we
can find a positive integer N such that for every n > N

(A= h)4™ <logug, < (A+ h)4",
(5.7) $(A—h)4"t! <logg, < L (A+h)4m+!

—logugnta <log R, < — (1 — h)logugpto.

Hence for n > N we have

—3; i_ Z logq, <log R, < —3%1%%.
Therefore we obtain from (5.4)
(5.8) Lol s,
In 4n  qn
where a and 3 are given by
A+h 1-h)(A=h
(5.9) a =357, 5:3L—X¥F—l

By (5.8) we see at once that p (y1,.) > 8. As h is arbitrarily small, this proves that
p(71,e) > 3 by letting h — 0. Now we proceed to the proof that p(v1,.) < 3. For
this, we consider an irreducible rational number p/q and distinguish two cases.
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First case: There exists n > N such that pg, —gp, = 0. As the fractions p/q and
Pn/qn are both irreducible, we have p = p,, and ¢ = ¢,, and from the left inequality
in (5.8) we get

1
7(1.

(5.10) -

p
Yi,e — ‘ 2
q

Second case: We have pg, — qp, # 0 for every n > N. In this case, fix a positive
integer ) such that

and assume that |g| > Q. Let n > N be the least integer such that

lq| 1
(5.11) e <3

Then n > N + 1 and by definition of n we can write

log g1 < 51 log (2]q]),
which yieds by using (5.7)
(5.12) log g < 5 (A 1) 4" < 45 logg, < Slog (2a])
where
A+h
5.13 b=4—"""
(519 eIy

As pg, — qpn # 0, we can write for |g| > Q

1 < |pgn — qpn| <14l |gn 71, — Pul + @n lg71.c — D

q 1
< |5_|1 Hlanl laye —pl < 5 +dnlame —pl,

n

where we have used (5.8) and (5.11). This implies

1
2|qlgn’

p
’Yl,s‘ >
q

and by using (5.12)

p' > 1 > 1
Me— 51 St1th
a1 (2lql) lq|

(5.14)

for |¢| > Q' > Q. By considering (5.10) and (5.14) we see that
t(71,e) <max (o, 0 +1+h).
Letting h — 0 yields p (71,e) < 3, which completes the proof.
Acknowledgment. The authors thank the referees for correcting mistakes and
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